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Abstract 

This work studies the rotation-generalized Benjamin-Ono equation which is derived from the 
theory of weakly nonlinear long surface and internal waves in deep water under the presence of 
rotation. It is shown that the solitary-wave solutions are orbitally stable for certain wave speeds. 

1 Introduction 

In the present paper we are concerned with studying the rotation-generalized Benjamin-Ono (RGBO) 
equation which can be written as 

(Mt-K/3^u,, + =7u, xeR,t>0, (1.1) 

where 7 > and /3 7^ are real constants, / is a function which is homogeneous of degree p > 1 
such that sf{s) = pf'{s), and Jf^ denotes the Hilbert transform defined by 

TT X~ Z 

where p. v. denotes the Cauchy principal value. When f{u) = ^w^, equation (1.1), which is so-called 
the rotation-modified Benjamin-Ono (RMBO) equation, models the propagation of long internal waves 
in a deep rotating fluid [15, 18, 22, 30]. In the context of shallow water the propagation of long waves 
in rotating fluid is described by the Ostrovsky equation [10, 16, 27, 28] 

{ut+ (iu^xx + {u^)x)x^iu, x e M, i > 0, (1.2) 

which is also called the rotation-modified Korteweg-de Vries (RMKdV) equation. See also [13, 14] for 
the two-dimensional long internal waves in a rotating fiuid. The parameter 7 is a measure of the effect 
of rotation. Setting 7 = in (1.1), integrating the result with respect to x and setting the constant of 
integration to zero, one obtains the generalized Benjamin-Ono (GBO) equation 

Ut+P.M'Uxx + {f{u))x^O. (1.3) 

Mathematical subject classification: 35Q35, 76B55, 76U05, 76B25, 35B35 
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Most attention in this work is paid to the existence, the stabihty and the properties of locahzed 
travehng waves (commonly referred to as sohtary waves) of (1.1). Using variational methods and the 
Pohozaev-type identities, we prove the existence and nonexistence of solitary waves for a range of the 
parameters of (1.1). We also show that our solitary waves (of (1.1)) are the ground states, i.e. they 
have minimal action. We also consider the effect of letting the rotation parameter 7 approach zero. 
Actually we show that the ground state solitary waves converge to solitary waves of the GBO equation. 

It was shown by Linares and Milanes [22] that the RMBO equation (1.1) is well-posed in the space 

with norm 

llffllx, = llflk^w + ll^^^5lk=(R), 

for s > 3/2, where the operator is defined via the Fourier transform as dx^g{£,) = The 
methods therein also imply the same result for the RGBO equation (1.1). 

It is also standard to show that the solution u{t) obtained that way satisfies E{u{t)) = E{u{0)), 
Q{u{t)) — Q{u{0)) and M{u{t)) = 0, for t E [0,T) with the maximum existence time T, where 

Eiu) = I ^{Dl'^uf + }{d-'uf + F{u)dx, (1.4) 




and 

M{u) = I udx (1.6) 
Jr 

express, respectively, the energy, momentum and total mass, where d]J^ f{S^) — ICT^^/IO; F' — f ^-nd 
F{{)) ~ 0. It is also worth remarking that the sufficiently smooth solutions of (1.1) satisfy 

xu dx = 0. 

These conserved quantities play an important role in our stability analysis. 

We show in Theorems 6.1 and 7.2 that the function d{c) defined by (6.1) determines the stability 
of the solitary waves in the sense that if d"{c) > 0, then ^^(/3, c, 7) is c^^T-stable, while if d"{c) < 0, then 

is ,^-unstable, where the space ^ is defined in (1.7). In Theorem 8.1, we use the ideas of [17], 
and provides sufficient conditions for instability directly in terms of the parameters /?, 7 and p. 

We also investigate the properties of the function d{c) which determines the stability of the ground 
states. Using an important scaling identity, together with numerical approximations of the solitary 
waves, we are able to numerically approximate d{c). 

Remark 1.1 It is noteworthy that despite our regularity assumption on f, one can observe that all 
our results are valid for the nonlinearity f{u) = —\u\u. 

Notations 

For each r e M, we define the translation operator by t^m = u{- + r). 

Given a solitary wave (p of (2.1), the orbit of ip is defined by the set O^p — {Trip; r £ M}. 

We shall denote by ip the Fourier transform of ip, defined as 

^(C) = / ^(w)e--< dco. 
Jr 



Ik 
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For s e M, we denote by H''{M.), the nonhomogeneous Sobolev space defined by the closure 

{(^e^'(M) : II^IIh.(k) <oo}, 

with respect to the norm 

\\ip\\Hsfm= a + \c\f'$(c) 



where S^' (M) is the space of tempered distributions. 
Let ^ be the space defined by 

with the norm 

11/11^- = ll/llffV.(E) + |19.~VllL^(E). 

2 Solitary Waves 

By a solitary wave solution of the RGBO equation, we mean a traveling-wave solution of equation 
(1.1) of the form ip{x — ct), where ip ^ and c € M is the speed of wave propagation. Alternatively, 
it is a solution ^(x) in !X of the stationary equation 

- + /(^) = 7^- V- (2.1) 

We will prove existence of solitary waves in the space Sf^ by considering the following variational 
problem. Define the functionals 

/(w) =/(u;/3,c,7) = / /3(Dy2u)2_cu2+^(a-iu)2dx (2.2) 

and 



K{iL) = -(p+ 1) y F{u)Ax; (2.3) 
and consider the following minimization problem 

Ma = inf{/(u);M e jr\-ft:(u) A}, (2.4) 

for some A > 0. 

First we observe that M\ > for any A > 0. In fact, for c < 

max{/3,c,7}||u||^ > I{u) > (3 j {Dl/^ufdx + -/ [ {d~^ufdx; (2.5) 

while for c € (0, c*) 

max{l3,c,-f}\\u\\%- > I{u) > ci/3 / {Dl/^ufdx + C2j [ {d-^u)^dx, (2.6) 



where ci = 1 — y ^ + 27^% ^^'^ '^^ ~ 277% +4% • other hand, for u e we have 

Indeed, by using the Sobolev embedding and an interpolation, wc find 
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Then the Cauchy-Schwarz inequaUty impUes that 

||M||ff-i/4(R) < C||M||^/i%(R)ll5^^"lli2^(R)- (2.9) 

Now inequahty (2.7) is obtained from (2.8) and (2.9). 

We also note that ||u|||r is equivalent to I{u). Indeed, (2.5), (2.6) and the inequahty 

< A\\D'J'u\\l,^^^ + B\\d-'u\\l.^^^, where A>0, B>^, (2.10) 

lead to the coercivity condition I{u) ~ j^-- 
Thus, it can be deduced from (2.7) that 

A = Kin) <C Wr^dx < C\\u\\%'^^'\\d-'u\\%%^ 

Therefore we have A^/^^+i) < CI{u), where C = C(/3, c, 7) > 0. This imphes that 

Ma > (A/C)(P+i'/2 > 0. 

Then if ^ G ^ achieves the minimum of problem (2.4), for some A > 0, then there exists a Lagrange 
multiplier ^ e M such that 

/3^V.-cV'-7a-'V' = -/i/(V'). 

Hence ip — ^^/'^P^^^if) satisfies (2.1). We denote the set of such solutions by G{l3,c,^). By the 
homogeneity of / and K, u G G{(3, c, 7) also achieve the minimum 

TO = to(/3, c, 7) = inf \ ^^^^ , -u e , K{u) > I 

l(^("))^ J 

2 

and it follows that M\ = toA^+i . We note that if we multiply (2.1) by (p and integrate, we find that 
I{ip; (3, c, 7) = K{(p). Thus we may characterize the set G'(/?, c, 7) as 

G(/3,c,7) - e 3^;K(^) = /(^;/3,c,7) = (to(/3, c, 7))^ } • 

We now seek to prove that this set is nonempty. 

We say that a sequence V'n is a minimizing sequence if for some A > 0, lim„_>.oo K{ipn) — A and 
lim„_j.oo H'ipn) = Mx. 

Theorem 2.1 Let p > 2, ^ > 0, j > and c < = 3(^2^/4)1/3. Let {ipnjn be a mimmizmg sequence 
for some A > 0. Then there exist a subsequence (renamed ijjn) and scalars y„ € K and ip £ 3^ such 
that ipni' + 2/n) in 3^ . The junction ip achieves the minimum I{ip) — M\ subject to the constraint 

K{^) = A. 

Proof. The result is an application of the concentration compactness lemma of Lions [23] , similar to 
[1, 6, 25]. We give the sketch of the proof here. 

Let {ipn} be a minimizing sequence, then we deduce from the coercivity of / that the sequence 
{ipn} is bounded in so if we define 

then after extracting a subsequence, we may assume lim„^oo ||Pn||Li(R) = L > Q. We may assume 
further after normalizing that |l/Ori||Li(R) = L for all n. By the concentration compactness lemma, a 
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Figure 1: Solitary waves of the rotation generalized Benjamin-Ono equation with f{u) — u^, /3 — 2, 
7 = 1 and c = -1, 1, 2, 2.5, 2.9 and 2.99. Note that c* = 3 when /? = 2 and 7 = 1. 

further subsequence p„ satisfies one of vanishing, dichotomy or compactness conditions. We can easily 
see that Mx = Mi, so that the strict subadditivity condition 

holds for any a G (0, A). In the same manner as in [19, 20, 25], it follows from the coercivity of /, 
inequality (2.7), and the subadditivity condition that both vanishing and dichotomy may be ruled out, 
and therefore the sequence p„ is compact. Now set (pn{x) ~ 'ijj{x + Un)- Since (p„ is bounded in ^ , 
a subsequence ipn converges weakly to some € ^ , and by the weak lower semicontinuity of / over 
^ , we have < lini„_>.oo lifn) = Mx. Moreover, weak convergence in compactness of /?„, and 
inequality (2.7) imply strong convergence of ipn to ip in LP+^(E). Therefore K{tp) — lim K{Lpn) = A, 
so I{tp) > Mx- Together with the inequality above, this implies /('0) = Mx, so ■0 is a minimizer of 
/ subject to the constraint K(-) = A. Finally, since / is equivalent to the norm on ^ V'l and 

I{(Pn) it follows that converges strongly to ^ in . □ 



Theorem 2.2 Let (3, 7 and c be as in Theorem 2.1, and f G , for some nonnegative integer k. Then 
anyweak solution of (2.1) is a H^^^{R)- function. Moreover d^^(p G H''+^{R) andd^^tp G iJ''+^(M). 

Proof. First we write (2.1) in the form of a convolution equation 

V^h*g{^), (2.11) 

where g{(p) — —f{^) and 

/3C^K| -c^^ +7 

Since ^^2|^|leg2^^ and ^^2|g|j';eg2^^ are bounded for any ^ G M, then (2.11) and the Sobolev embedding 
implies that d~'^Lp,<^^ G L^(M). Therefore we find that G if^(M); so that Lp G L°°(IR). Hence 
(g((^)), G i2(M). Since 

{PJ^(Px - c(p- g{(p))x = 7f^x V 
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it follows that M'ipr^x. G -/^^(M) and consequently i-p^^^ E L^(M) and cp E i/^(M). Repeating this process 
yields the property (p E H'^^^{M.). 

A similar argument shows that d^^ip E H'^+'^{R) and d^'^ip E H'^+^{R). □ 



Theorem 2.3 Let p > 1 be an integer, /3, 7 and c be as in Theorem 2.1 and ip be a nontrivial solution 
of (2.1). There exist k > and an holomorphic function ip of variable z, defined in the domain 

n^ = {z EC; |Im(z)| <4, 

such that V'(a^) = for all x eR. 

Proof. By the Cauchy-Schwarz inequality, we have that (p E (M). The equation (2.1) implies that 



m{o<m*---*\mi (2.13) 

\^\mio<m*---*\m), (2.14) 
\_ J 

p 

We denote ^(|^|) = \(p\ and for m > 1, ^+i(|^|) = =3^(|^|) * |^|. It can be easily seen by induction 
that for all m G N, 

\ir\(pm <im- 1)! p™-i=^(™h.i)(p_ihi(|^|)(0. (2.15) 

Therefore we have 

icn^Ko < (m - 1)! p'"-i=^™+i)(,-i)+i(i^i)ll^^,«. 



< 



(m- l)!p" |Rm+l)(p-l)(|^|)||i2(R-,ll^llL2( 



Let 



then it is clear that 



<(m-l)!/'-i||^||(™;V(^-^)-^||^|| 



m 
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as m — > +00. Therefore the series X]m=o C™''™l'?l(0/"*' converges uniformly in L°°(M), if < C < 
^ = mII^IIZmI)- Hence eC-^(C, 77) e L-(M), for C < n. 
We define the function 

^(z) = / e'«^^(e) de 

By the Paley- Wiener Theorem, ^jj is well defined and analytic in Ti.^; and by Planchercl's Theorem, we 
have il){x) — (p{x) for all a: e M. This proves the theorem. □ 



Theorem 2.4 Let (3, 7 and c be as in Theorem 2.1. Then any solution p of (2.1) satisfies \x\^p'^''\x) E 
L9(M), for 1 < q < 00, k E {-2,-1,0} and £ E [0,4 + fc]. Furthermore, 

|a;|V*"^(a;) e L«(M), for 1 < q < 00, n E N, i E [0,5]. (2.16) 
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Proof. First a straightforward calculation reveals that h e C°°{R \ {0}) n C^(M). Moreover dpi e 

L«(E), for q e [l,oo] and 1 < j < 4. This implies that h € H^{E.). Hence by [12, Corollary 3.1.3], 

we see that ip e L'^IJSL) n L'^{R) and |a;|V(2^) e L'^{R) n L°°(M), for £ e [0,4]. Now the elementary 
inequality 

\xf\ip\ < \\xfh*g{ip)\ + \h*\xfgiip)\ 

and the Young inequality imply that |a;|^iy9(a;) e L^(IR), for £ e [0,4]. 

Analogously, by using (2.1), one can show for k — —2,-1 that \x\^(p^'''' (x) e L''(R), for any 
1 < g< cx) andfe [0,4 + A:]. 

To prove (2.16), first we note that the fact ip e L°°(IR), the inequality 

\xf\^'\<\\xfh*{g{^)U + \h*\xf{g{v)U 

and the Young inequality implies that |x|^(^'(a;) e i''(IR), for any 1 < g < oo and £ G [0,4]. On the 
other hand, a straightforward computation shows that h' E L^{R) and \xfh' e i'(M) for any £ e [1, 5] 
and 1 < q < OD. Therefore combining the inequality 

\x\'\^'\<\\x\'h'*g{^)\ + \h'*\x\'g{^)\, 

the identity \x\'^\'fi\'' = \x\\ip\{\x\'^/''P-^^Lp\)P and the Young inequality yields that \x\^f'{x) E i'^(M), 
for any 1 < g < oo. Finally a bootstrapping argument proves (2.16). □ 



Proposition 2.1 Let /3 > 0, 7 > and c < c^, be as in Theorem (2.1), then there exists C E M., 
C 0, such that any solution of (2.1) satisfies 

lim \x\^^{x) = C. (2.17) 

|a;|— ^+00 

Proof. The kernel h in (2.12) can be written in h{x) = —-^K{x)^ where 

^^^^ = PW^^e^- 

Since K is an even function, hence 

^i^) = / """^l^ - cos(|a;|0 

Then by using the residue theorem, there holds that 

^^^^"io (7 + cy2)2 + ^2y6 + 27rRc ^^^^^ _ ^2) _ 2c6) + 2ai(36/3 - 2c) 

(7 + cy2)2 + /32y6ay ^ 

e-°l^l [2a(36/3 - c) cos(6a;) + sin(6|a;|)(2cfe - 3/3(52 _ ^2))j 

(3/3(62 _ ^2) _ 2c6)^ + 4a2 (c - 3&/3)^ 

where 6 + ia is the complex root of /3|^|^ - c^^ ^ ^^^^ a,b > 0. Therefore K E C°°{R \ {0}). It is 
therefore concluded for c < that 

^^"^^ = X (7 + cy2)2+/32y6d2/ 

e-"l"^l (2a6sin(6|a;|) + (a^ - ^2) cos(6a;)) 

- 2^0 3&/3 - c ^ ^ ' ' , ^ ^ ^ (2.20) 

(3/3(62 -a2)_2cfe)V4a2(c-3&/3)^ V 7 

„ e-'^l^l ((a2 - 62)sin(6|a;|) - 2a6cos(6a;)) 

- 2^(2c6 - 3/3(62 - a2))^-^^^A^ \ 'J ^' 



(3/3(62 _ q2) _ 2c6)^ + 4a2 (c - 36^)' 
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Now the change of variable rj — xy in the first term of the right-hand side of (2.20) reveals that 

lim \x\'h{x) = ^. 

Applying Theorem 3.1.5 in [12], it transpires that there exists C ^ such that (2.17) holds. □ 



Remark 2.1 By Theorem 2.4 and Proposition 2.1, one can see that the solitary waves of (2.1) decay 
faster than the solitary waves of (1.3) (see (5.2)j. 

Remark 2.2 By (2.20), it seems that the solitary wave ip of (2.1) does not decay exponentially. 

3 Nonexistence 

In this section we present conditions on the parameters /3, c, 7 and the nonlinearity f{u) that 
guarantee equation (1.1) has no solitary wave solutions in the space ^ . These conditions follow from 
the following functional identities. 

Lemma 3.1 Suppose ip G ^ is a solution of equation (2.1). Then 

/?(i^y Vdx - c4 ^Ma; + 7 /ja- V)'da; = -(p + 1) F(^)dx 

(3.1) 

-cJ^ip^dx + 3-/J^id-^ip)^dx = -2j^F{ip)dx 

Proof. These relations follow by multiplying equation (2.1) by ip and xipx, respectively and integrat- 
ing over M. To see that the f3 term vanishes in the second relation, first observe that since ipx has zero 
mass, it follows that J^{xipx) = xJf{ipx). Then, using the anti-commutative property of Jif we have 



/ J^ipx ■ xifxdx ^ - (fix ■ ,y<?{xipx)dx = - / 

JR jR JS. 



ipx • xJf ifixdx. 



This completes the proof. □ 

Theorem 3.1 Equation (2.1) has no solution in 2^ provided any of the following conditions hold. 
rzj/3<O,7>Oandc3<M|±i07i3!_ 

ftt) /3>0, 7<Oanrfc3>M|±i07i!!_ 

(Hi) f{u) = 13 > and 7 < 0. 

(iv) f{u) ^ - \u\P''^u, /3 < anrf 7 > 0. 

Proof. Eliminating the terms on the right hand sides of (3.1), we find that 

- 2/3 / {Dll^vfdx ~{p- l)c / ^^dx + (3p + 1)7 / (dx'ipfdx = 0. (3.2) 



Now suppose /3 < and 7 > 0. Then since the expression 

(3p+l)7|er'-2/3|C| 
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has minimum value -3/3(3p+ l)i/3(_^//3)i/3 > q it follows that 

-2/? / (DyV)'dx + (3p+l)7 / (5-V)'da;>-3/3(3p + l)i/3(_^//3)i/3 / ^2^^^ 



so if c satisfies the inequality in (i), the left hand side of (3.2) will be negative, a contradiction. This 
proves statement (i). Statement (ii) follows similarly. 
Next, subtracting the two relations in (3.2), we have 

-P I {Dl'\fdx + 2^ [ (a- V)'dx = (p - 1) / F{u)dx. 



The right and left hand sides of this equation have opposite signs when either condition (iii) or condi- 
tion (iv) holds. □ 



4 Ground States and Variational Characterizations 

A ground state of (2.1) is a solitary wave of (1.1) which minimizes the action S{u) ~ E{u) — cQ{u) 
among all nonzero solutions of (2.1), where E{u) and Q{u) are defined in (1.4) and (1.5), respectively. 
Recall that a solitary wave of (1.1) corresponds to a critical point of S'(u), that is, S' {u) = 0. Thus, 
the set of ground states may be characterized as 

^(/3, c, 7) = e JT; S'{if) = 0, S{ip) < Sitlj) for aU ^ e ^ satisfying S"(V) ^ 0}. (4.1) 

The theorem below finds a ground state of (2.1) as a minimizer for S{(p) under a new constraint. Our 
result is related to that in [24]. 

Theorem 4.1 If (3, c and 7 are as in Theorem 2. 1, then ^(/3, c, 7) is nonempty and ip ^^(fi, c, 7) if 
and only if S{ip) solves the minimization problem 

J ^ inf{5(w); ^jG ^,^p^0, P{ip) = 0}, (4.2) 

where 

P(V)= / (-c^2+/?(i^y2V)2 + 7(9-V)' + (p+l)i^(V'))da;. 



Proof. First, we prove that there is a nontrivial minimizer for (4.2) which is a solution of (2.1). 

By (2.7), one can easily observe that there exist ei, £2 > such that for every nontrivial function 
If e -jV , we have ||<y9|| > £\ and S(ip) > 62, where ^ = {?A e u ^ 0, P(V') = 0}. 

Now, let {ifn} C be a minimizing sequence of (4.2). Then ||(^n||.sr ^ £\ and 

= 2§TT)^^^") - 2§TI) 

so that \}Pn\n is bounded in . To show that there is a convergent subsequence, with a limit S 
similar to [1, 6], we use again the concentration-compactness lemma [23], applied to the sequence 

First similar to Theorem 2.1, the evanescence case is excluded. To rule out the dichotomy case, one 
shows that 

J < J. inf {s{i,) - \P{^)- P(^) = a 
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for all cr < 0. Now if the dichotomy would occur, i.e. (y9„ splits into a sum ip^^ + t^l^ and the distance of 
the supports of these functions tends to +00, then one shows that P {}pl^ — > cr, P ~^ cr S K 
and J > Jg. + J_o- > J which is a contradiction. Therefore the sequence ipn concentrates and the limit 
cp satisfies P{ip) < 0. The case Pif) < can be excluded by the same reason as above, and we see 
that S ^ is a minimizer for (4.2). 

Now since (/? is a minimizer for (4.2), there exists a Lagrange multiplier 9 such that S'{ip) — OP' [ip). 
Since {S'{ip),(p) — and 

{P'{p>),p) = 21{p) - (p + l)K{p) = (1 - p)I{p) < 0, 

we see that 9 ~ 0, i.e. is a solution of (2.1). 

Our next task is to show that ip S J#(/3, c, 7). But since P{u) = (5"(u), w)i,2(r) for any u G it 
follows that P{v) = for any solitary wave v ^ ^ of (2.1). Hence S{ip) = J asserts that S{p) < S{v). 

Finally we show that a ground state of (2.1) achieves the minimum J in (4.2). Let u g ^ satisfy 
u ^ 0, S'{u) = and S{u) < S{v) for any w e ^ satisfying S'{v) = 0. Since S'{v) = implies 
P{v) = (S"(w),t;)L2(R) = 0, it follows that S{u) < S{v) for any v e ^ with P{v) = 0. That is, u is a 
minimizer for J. This completes the proof. □ 

The following proposition proves that minima for Mx in (2.4) are exactly the ground states of (2.1). 
Proposition 4.1 There is a positive real number X* such that the following statements are equivalent: 

(i) K{p) ~ A* and (p is a minimizer of M\- in (2.4); 

(ii) p is a ground state; 

(lit) P{p) = and K{ip) = M{K{u):ue ^,u^0, P{u) = 0}; 
(iv) P{p) = inf{P(u); u e u 7^ 0, K{u) = K{p)). 

Proof. (ii)=>(i). Let 1^9 be a ground state of (2.1). Since P{p) — I{p) — K{ip) — and S{p) = 
\l{'p) — :j^K{p), it follows that p minimizes / among solutions of (2.1). Set A* = K(tp) = I{'p>). 

Let ti be a minimizer for M\* . That is, K{v) — A* and I{v) — M\» minimizes I{u) among 
K{u) = A*. In particular Mx- = I{v) < I{p) — A*. From variational considerations, v satisfies 

-cv + I3^v^ - -fd-^v ^ -ef{v), 

for some 6* G M. Multiplication of the above by v and integration by parts yields I{v) = 9K{v). Since 
I{v) = Mx*, this implies 9 < 1. On the other hand, since w = 9p^v is a solution of (2.1), one obtains 
9^1{v) = /(w) > I{p). Since /(w) = 9X* and I{p) = K{p) = A*, this implies 9 > I. Therefore, 
6* = 1 and I{(p) = Mx* . 

(i) =>(iii). Suppose K{ip) = A* and p G ^ is a minimizer for Mx*. Note that P{p) — and 
I{p) = K{p) = A*. Let u e be such that u ^ and P{u) — 0. Then K{u) ^> so we may define 
b = {K{p)lK{u)f/^P+^\ We show that 6 < 1. 

Straightforward calculations yield that P{bu) = 6^(1 - hP-^)I{u). Since K{bu) = bP+^K{u) = 
K{p) = A*, it follows that I{p) < I{bu), and consequently = P{p) = I{p)-K{p) < I{bu)-K{bu) = 
b^{l — b'P^^)I{u). Hence the assertion follows. 

(ii) <^(iii) is a direct consequence of Theorem 4.1. 

(iii) =>(iv). Let u G u ^ with K{u) = K{p), where p G ^ satisfies (iv). We prove that 
P{u) > 0. Suppose on the contrary that P{u) < 0. Note that P{tu) > for t G (0, 1) sufficiently 
small. Correspondingly, K{u) > must hold and P{tqu) = for some tq G (0,1). This however 
contradicts (iii) since K{tqu) < K{u) — K(p). Therefore, P{u) > 0. The assertion then follows since 
Pip) = 0. 
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(iv)^(iii). Let u G M ^ with P{u) = 0. We show that K{u) > K{(p), where e ^ 
satisfies (iv). Assume the opposite inequality. Similarly as in the previous argument, a scaling con- 
sideration shows that K{tqu) = Tq^^K{u) = K{(p), for some tq > 1. This contradicts (iii) since 
P{tqu) < = P{f)- This completes the proof. □ 



5 Weak Rotation Limit 

In this section, we show that the solitary waves of the RGBO equation (1.1) converge to those of the 
generalized Benjamin-ono equation (1.3). We remark that such a relationship is somewhat surprising 
since the solitary waves of (1.1) have zero mass, as can be seen by integrating (1.1) with respect to 
X, while it is well-known (see [1, 2, 3, 4, 5] and references therein) that the solitary waves of (1.3) are 
strictly negative functions and do not have zero mass. 

In order to precisely state the convergence result, it is worth noting that for each c < and /3 > 
the GEO equation (1.3) possesses a nontrivial solitary wave (p and it satisfies 

-cp + f3Jfp' + f{ip) ^0. (5.1) 

The uniqueness of solitary waves of the GBO equation for p > 1 is unknown; however Amick and 
Toland [7] showed that the solitary wave solutions of the classical Benjamin-Ono (p = 1) are unique 
(up to translation). The explicit solution was found by Benjamin [11]: 

^(0 - (5.2) 

One can see that contrary to the unique solitary wave of the KdV equation, the solitary wave of the 
Benjamin-Ono equation does not decay exponentially. 

Theorem 5.1 For /? > and c < fixed, let a sequence 7„ — > 0"*" as n ^ oo, and let ipn any element 
of G{l3, c,"fn) ■ Then there exists a subsequence (still denoted as jn), translations yn and a solitary 
wave e iJ^/^(M) of (5.1) so that Tpni' + Vn) — > V-" '^'^ H^/'^{R), as 7„ 0+. That is, the solitary 
waves of the GBO equation are the limits in H^/^{R) of solitary waves of the RGBO equation. 

To prove this result, we first note for /? > and c < that solutions of (5.1) satisfies in a variational 
problem of the type of Theorem 2.1. More precisely, ground states of (5.1) achieve the minimum 

m(/3, c, 0) = inf J ^^"'^'^"^ u e H^^^R), K{u) > I , 

where I{u; /3, c, 0) = J^{I3{d1^^u)'^ — cu^)dx. Analogous to Theorem 2.1, one can show that for a given 
sequence ipn in H^^'^(R) satisfying 

lim /(V„;/3,c,0) = lim if(V„) = (to(/3,c,0))^, 

there exists a subsequence, renamed ipn, scalars ?/„ S M and (po € H^/^(R) such that ipn{- + yn) y^o 
in H^/^{R). 

The proof of Theorem 5.1 is approached via the following lemmas. 

Lemma 5.1 The function m is continuous on the domain /3 > 0, 7 > 0, c < c*. Furthermore, m is 
strictly increasing in 7 and /3 and strictly decreasing in c. 



11 



Figure 2: Solitary waves of the rotation generalized Benjamin-Ono equation with f{u) = u^, /3 = 2, 
c = -3 and 7 = 1, 0.1, 0.01, 0.001, 0.0001 and 0.00001 are shown in blue. The exact solitary wave 
solution of the Benjamin-Ono given by (5.2) is shown in red. 

Proof. The proof is similar to [20, Lemma 2.3], [21, Lemma 2.4] and [25, Lemma 3.3] by using the 
following inequality 



Lemma 5.2 The space .9^ is dense in H^/^{R). 

Proof. For any u e H^/^{R) and S > 0, let us define us as us{£,) ~ u{^)x\^\>si£,)- By Parseval's 
identity follow that 




(5.3) 



where c* is defined in Theorem 2.1. 



□ 



I r'l^(OI'de<r2||«||2. . <+oo 



Since < |]u||i2(R) < +00 and since WDy^usWL^cg) < \\d1^^u\\i^2(s^) < +00, it follows that 

Us € ^ ■ In view of the definition of us and u e i/^/^(M) then the inequality 




ffl/2(R) 



< +00 



holds true. Hence from continuity we may choose 6 > sufficiently small so that 



\\U5 - u\\l,,,^^^ = f (l + |^|)|S(0|'dC<e, 



Jm<s 



which completes the proof. 



□ 
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Proof of Theorem 5.1. For f3 > and c < let {tpn} be a sequence in ^ of the ground states 
of (2.1) with 7 = 7„, where 7„ — >■ O"*" as n — ?> oo It is immediate that I (ipn] P , c, = K{ipn) = 
m(/3, c, 7„) p-i holds for each n. Below we prove the continuity of m(/3, c, 7) at 7 = 0, that is, 
lim^_^o+ ^iPi c, 7) = '7i(/3, c, 0). The assertion then follows from 

1 2 p+i p+i 

/(V'„;/3,c,0) = /(■0n;/3,c,7„) -7n||52r V'«IIl2(r) < ^(V'n; /?, c, 7n) = m(/3,c, 7„)p-i — > m(/3,c,0)p-i 

and 

K(V'„) = m(/3, c, 7„) — > m(/3, c, 0) ^ . 

We now claim that lim^_j.Q+ m(/3, c, 7) = to(/3, c, 0). By the monotonicity of m{/3, c, 7) in 7 , it suffices 
to show that m(/3, c, 7„) —J' m(/3, c, 0) for some sequence {7„} with 7„ — >■ as rt — ?> 00 . Let ip G H^/'^(M.) 
be a ground state of (5.1). For each n a positive integer it follows from lemma 5.2 that there is a 
function ipn ^ ^ with \\ipn — '/'||_ffi/2(R) < ^/n. Let 

7n =niin|^,^||9-V«|IZ2(i 
Then 7n — >■ and 

, ^ /(V'„;/3,c,7) ^(^n;/3,c,0)+7„||9-i^„||i.(R) /(^„;;3,c,0) + l/n 

m(/^,c,7„) < ^ = < . 

K{iP^)^+^ if(V'„)p+i /i:(V'„)''+i 

Since both I{-;f3,c,0) and iiT are continuous on H^^^{R), it follows that 

lim m(/3, c, 7„) < '^^'^'^'^^^^ ^ c, 0). 

On the other hand, since m(/3, c, 7) is strictly increasing in 7, it follows that 

lim m(/3, c, 7„) = m(/3, c, 0). 

This proves the claim. The proof is complete. □ 



6 Stability 

In this section we investigate the stability of the set ^^(/3,c, 7) of ground state solitary waves. We 
first state precisely our definition of stability. 

Definition 6.1 A set ^ ^ is ^-stable with respect to (1.1) if for any e > there exists S > such 
that for any Uq G ^ f] Xg, s > 3/2, with 

inf ||uo -v\\x < S, 

then the solution u{t) of (1.1) with initial value u{0) — uq can be extended to a solution in the space 
C([0, +cxd), ^ n Xg) and satisfies 

sup inf \\u{t) — < e. 
4>o ven 

Otherwise we say that Q is ^ -unstable. 
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Since ground state solitary waves minimize the action S{u) = E{u) — cQ{u), it is natural to consider 
the function 

rf(c)-d(/3,c,7)-i?(^)-cQ(vp), (6.1) 
where (p is any element of ^(/3,c, 7). The fact that d is well-defined follows from the relation 



Together with Lemma 5.1, this relation also implies that d is continuous on the domain /3 > 0, 7 > 0, 
c < c*, strictly increasing in 7 and /3 and strictly decreasing in c. It can also be shown as in [20] and 
[21] that d has the following differentiability properties. 

Lemma 6.1 For each fixed /? > and 7 > 0, the partial derivative dc{l3,c,j) exists for all but 
countably many c. For fixed c and 7, d/3(/3,c, 7) exists for all but countably many /3 and for fixed /? 
and c, d^(/3,c,j) exists for all but countably many 7. At points of differentiability, we have 

d^(/3,c,7) = ^ J{Dl^\fdx 
1 f .2 



dcW,c,-/) = J ip dx = -Q{ip) 

For the remainder of this section we shall regard /3 > and 7 > as fixed and denote d(c) = 
d(/3, c, 7), d'{c) = dc{f3,c,j) and c?"(c) = dcc(/3, c, 7). The main stability result is that the stabihty of 
the set of ground states is determined by the sign of d"{c). 

Theorem 6.1 Let /3 > 0, 7 > 0, c < c* and (p G ^^(/3,c, 7). If d"{c) > 0, then the set of ground states 
^(^,c,7) is -stable. 

Define the e-neighborhood of the set of ground states defined by 

Ue = \u £ inf ||u — c£>|| < e}. 

c,7) 

Since d is strictly decreasing in c and K is continuous on we may define 



for u E Ue for sufficiently small e > 0. 

Lemma 6.2 If d"{c) > 0, then there is some e > such that for any u £ and ip £ ^^(/3,c, 7), we 
have 

E{u) - E{p) - c{u){Q{u) - Q{p)) > ld"{c)\ciu) - c\\ (6.3) 
Proof. Since d'{c) — —Q{p), it follows from Taylor's theorem that 

d(ci) = d{c) - Q{p)ici - c) + i(ci - cf + o{\ci - c|^), 
for Ci near c. Using the continuity of c{u) and choosing e > sufficiently small we get that 

d{c{u)) > d{c) - Qi^Mu) -c} + \d"{c){c{u) ~ cf = E{p,) - c{u)Q{^) + ^{c{u) - cf, 
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for u G U^. Next, iiifdu) & c(u), 7); then = 2(p+ l)d(c(u))/(p - 1) = K{u) and 
minimizes /(•; /3, c(m), 7) subject to this constraint, so 

E{u) - c{u)Q{u) = \l{u\l3,c{u),-f) ^—K{u) > c(u), 7) ^K{(pc{u)) = d{c{uj). 

2 p + I 2 p + 1 

This concludes the proof of Lemma 6.2. □ 

Proof of Theorem 6.1. Assume that c, 7) is .^-unstable with regard to the flow of the RGBO 
equation. Then there exists a sequence of the initial data Uk(0) such that 

inf \\uk{0) -(p\\s: < y- 

Let Uk{t) be the solution of (1.1) with initial data Uk{0)- We can also choose ^ > and a sequence of 
times tk such that 

inf Wukit) - ifiU- ^ 5. (6.4) 

¥'e5S'(/3,c,7) 

Moreover we can find ip € ^^(/3, c, 7) such that 

lim ||Mfe(0) - (fiklLsc = 0. 

fc— J-oo 

Since E and V are conserved by the flow of (1.1), 



and 



lim E{ukitk)) - Ei^k) - hm EiukiO)) - E{^k) = (6.5) 

lim Q{uk{tk)) - QiVk) = hm Q(wfc(0)) - Q{^k) = 0. (6.6) 
By using Lemma 6.2, we have for 5 sufficiently small that 

E{uk{tk)) - E{^k) - c{uk{tk)) {Q{uk{tk)) - Q{(Pk)) > ^d'\c)\c{uk{tk)) - cp. (6.7) 

By (6.4) there is some i/jk € "^{13,0,^) such that ||Mfc(ifc))||,2r < 26, and by using the fact I{u) = 
I{u; /3, c,7) > C||u||^, we obtain 

WukitkMs- < II V'fc II ,r +25< C-^I{^k; /3, c, j)+25= f:f + ^\ d{c) +25 

C{p-1) 

Thus since K is Lipschitz continuous on and is continuous, it follows that c{uk{tk)) is uniformly 
bounded in k. Thus by (6.5)-(6.7) it follows that limfc_yoo c{uk{tk)) — c; and therefore 

lim K{uk{tk)) = lim fc^d(c(u,(ife))) = fc^rf(c). (6.8) 

fc-i-oo fc->oo [p — I) [p — 1) 

This implies that 

ll{uk{tk)) = E{uk{tk)) - cQ{uk{tk)) + -^K{uk{tk)) 
2 p+l 

= d{c) + E{uk{tk)) - E{^k) - c{Q{uk{tk)) - Qi^k)) + -^K{uk{tk)). 

p + I 

Hence it follows from (6.5), (6.6) and (6.8) that limfe_j.oo I{uk{tk)) = 2{p+l)d{c) /{p—1). Thus Uk{tk) is 
a minimizing sequence and therefore has a subsequence which converges in ^ to some if e ^#(/3,c, 7). 
This contradicts (6.4), so the proof of the theorem is complete. □ 
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7 Instability 



In this section we present conditions that imply orbital instability of ground state solitary waves. 
Given ip G c, 7) and e > 0, we define 

il^ e = <^ u e inf \\v-u\sK<t 



Theorem 7.1 Let /3 > 0, 7 > 0, c < and ip E '^{j3,c,^). Suppose there exists ip E L^(M) such that 
tp' g Xs, s > 3/2, ^" e ^ , and the following two conditions hold. 



^ ' (7.1) 



Then is -unstable. 



Lemma 7.1 Let c < and ip G ^#(/3,c, 7) be fixed. There are an eg > and a unique map 
a : ^ip^eo ~^ such that a{Lp) — 0, and for all v G ^(p,ea cind any r G M, 

(i) {Ta(v)'f',v) = 0, 

(ii) Q;(Trw) = q;(w) + r, 

(Hi) a'{v) = + and 

(iv) {a'{v), v) = and a'{v) = ||(/3'||^2(r)u', if v E O^. 

Proof. The proof follows the line of reasoning laid down in Theorem 3.1 in [17] and Lemma 3.8 in 
[26]. □ 

Let ip be as in Theorem 7.1. Define another vector field B^p by 

{u,Ta{u)V") 

for u G Geometrically, can be interpreted as the derivative of the orthogonal component of 

Ta(.)ip with regard to Ta(.)^' . 

Lemma 7.2 Let ijj he as in Theorem 7.1. Then the map B^ : ^ip^eo 3^ is with bounded 
derivative. Moreover, 

(i) B^ commutes with translations, 

(ii) {B^{u),u) ^ 0, ifueil^^eo, 
(ill) B^iif)^^', if{ip,yj')^0. 

ProoL The proof follows the same lines from the proof of Lemma 3.5 in [8], Lemma 3.3 in [9] or 
Lemma 4.7 in [201. □ 



Proof of Theorem 7.1. First we claim that there exist 63 > and (T3 > such that for each 

Uq g rii^,e3, 

Siif) < S{uo) + ^{uo)s, (7.2) 
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for some s G (—173, 0-3), where ^{u) = {S' {u), B^{u)) . 

We consider uq GG ^(p,eQ, where eo is given in Lemma 7.1, the initial value problem 

u(0) = uo- 

By Lemma 7.2, we have that (7.3) admits for each uq G ^,p,eo ^ unique maximal solution u G 
C^((— cr, cr); r2<^^eo), where a G (0, +00]. Moreover for each ei < e, there exists cti > such that 
"■(uo) > (Ji, for all Uq G f^i^,£i. Hence we can define for fixed ei, cti, the following dynamical system 

: (-0-1, cr) X n^^^-^ — > n^^^g 

(s, Wo) i-> '^{s)uo, 

where s — >■ '2^(s)mo is the maximal solution of (7.3) with initial data Uq- It is also clear from Lemma 
7.2 that is a C"^— function, also we have that for each uq G ^ip,ei, the function s 'W{s)uo is 
for each s G (— cri,cri), and the flow s ^(s)uo commutes with translations. One can also observe 
from the relation ^ ^ 

'^{t)ip = ip+ / Ta('W(^,)^)-4)'ds- / p(s)r„(^(s)<^)(^"ds 
Jo Jo 

that ^{s)(p G Xr, r > 3/2, for all s G (— o'i,cri), where 

^^^^ _ ('^(s)'y?,Ta(-a-(t)y)V'') 
(^(t)(^,rc(«^(t)^)(^") 

Now we get from Taylor's theorem that there is g G (0,1) such that 

S{^{s)uo) = S{uo) + ^{uo)s + ^R{^{gs)uo)s^, 

where R{u) = {S" {u)B^, B^{u)) + {S"{u),B'^{u){B^{u))). Since R and ^ are continuous, S'{ip) = 
and R{(p) < 0, then there exists £2 G (0, £1] and 0-2 G (0,cri] such that (7.2) holds for uq G B{ip,e2) 
and s G (— C2, cr2). On the other hand, it is straightforward to verify that 

^('^(«)"o)l(„„.,).(^^o) - and A P(^(s)uo)|(„„,,)=(^,o) = (^''(^),V/), 

where P is defined in Theorem 4.1. We show that (P' (</?), -0') 7^ 0. Otherwise, ^p' would be tangent to 
at if, is defined in Theorem 4.1. Hence, (5"((/?)'(/'', "0') ^ 0, since minimizes S on ^/K by Theorem 
4.1. But this contradicts (7.1). Therefore, by the implicit function theorem, there exist £3 G (0, £2) 
and (T3 G (0,(72) such that for all uq G P(/9, £3, there exists a unique s = s{uq) G {—(y3,cr^) such that 
P('^ {s)uo) ~ 0. Then applying (7.2) to (mq, s(uo)) G ^(^i £3 x (— 173, (73) and using the fact ip minimizes 
S on jV ^ we have that for uq G B(p,es there exists s € (— <73,i73) such that S{(p) < {s)uo) < 
S{uo) + ^(mo)s. This inequality can be extended to ^^,^,£3 from from the gauge invariance. 

Since '^{s)uo commutes with r^, it follows by replacing uq with '^{s)uo in (7.2) and then 6 — —s 
that 

S{ip) <S{'^{S)ip)- ^{'^{S)ip)S, (7.4) 

for all S G (—(73,(73). Moreover, using Taylor's theorem again and the fact ^{(p) = 0, it follows that 
the map 6 1— > S{^{S)ip) has a strict local maximum at (5 = 0. Hence, we obtain 

S{'^{S)^)<S{^), (5^0, <5e (-(74,<74), (7.5) 

where (T4 G (0,CT3]. Thus it follows from (7.4) that 

^{'^{S)ip) <0, 5 G (0,(74). (7.6) 
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Let Sj G (0,CT4) such that 6j — ?> as j — oo. Consider the sequences of mitial data Uqj = '^{Sj)(p. It 
is clear to see that uqj £ Xs, s > 3/2 for ah positive integers j and UQ_j — ^ in ^ as j — >■ cxi. 

Now we need only verify that the solution Uj{t) — ^{t)uQj of (1.1) with Uj{0) ~ uqj escapes from 
^ip^ea 1 for all positive integers j in finite time. Define 

= sup{i' > 0; u^{t) G r2^^,3, Vt e (0,t')} 

and 

^ = {ue siu) < s{ip), ^(u) < 0}. 

Hence it follows from (7.2) that for all j E N and t G {0,Tj), there exists s = Sj{t) G {—<T3,a3) 
satisfying S{ip) < 5'(uo,j) + ^{uj{t))s. By (7.5) and (7.6), Moj S ^; and therefore Uj{t) G ^ for aU 
t G [OjTj]. Indeed, if 3^{uj{tQ)) > for some to G [0,Tj], then the continuity of ^ implies that there 
exists some ti G [0,Tj] satisfying ^(uj{ti)) — 0, and consequently S{ip) < S{uoj), which contradicts 
uoj G ^. Hence, & is bounded away from zero and 

_^(„.)>^M^^i!^_^. >0, VtG[0,T,-]. (7.7) 

Now suppose that for some j, Tj — +oo. Then we define a Liapunov function 

A{t) ^ J ipix + a{uj))uj{x,t)dx, t £ [0,Tj]. 

Then by the Cauchy-Schwarz inequality, 

< IIV'llL2(K)||Uj(i)||L2(R) = ||'(/'IIl2(R)||uOjIIl2(R) < oo, t G [0,Tj]. 

On the other hand, since — ~dxE' (uj), then we have 

dA I . du, \ ii I \\ I duj\ 

= ((Ta(«,(t))'i/'',Mj(i))9a;a'(Uj(i)) +Tc(„^(t))-0',£^'(Ui(^))) 

= (i?^(u,(i)),5'(^i,(t))) +c(i?v,(%(0),%-(0) = ^(^j(i)), 
for t G [0, Tj]. Therefore it is deduced from (7.7) that 

A A 

-^>^,>0, ViG[0,T,]. 

This contradicts the boundedness of A(t). Consequently Tj < +oo for all j, which means that uj 
eventually leaves fl^p^es ■ This completes the proof. □ 



Theorem 7.2 Fix /3 > 0, 7 > and assume there exists a map c 1^ ipc (z ^^(/3, c, 7) for c < c■^,. If 
d" {c) < 0, then Oip^ is ^ -unstable. 

Proof. It suffices to show that there exists a function ip that satisfies the conditions of Theorem 7.1. 
Define 

^(-) = /_^c(z/)-^^^e(y)d2/. 

Then since ipc & and ^iy9c G ^ it follows that ^' & , and thus ^ d L^. Since w = ^(pc satisfies 
the linear equation 

(3J^{wx) — cw — jd^^w ~ f'{ip)w = (fi 
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it follows as in the proof of Theorem 2.2 that w e H°° and d^^w G H°°. Hence -0' e and G ^• 
Now since d'{c) = —^{(fc'fic), we have 

, ,, , , , 2d'(c) Id, , , 2d'(c) ,,,, , 

Next we compute 

For any <y9 G ^^(/3,c, 7) we have S"{ip)ip = (p — so it follows that 

{S"i^)ip,^) = il-p)Ki^). (7.8) 

Since c?(c) = 2('p+i) ^i^-'c) we have 
Finally, since S"{ipc)-^(pciy) = <Pc we have 

S"{'Pc)-^Vc{y), ^fc{y)) = (vc, ^fc{y)) = -d"{c). 

dc dc / \ dc I 

Altogether this implies 

(5"MV',V''> - (1 -p)i^('Pc) + 

Since p > 1 and d!'{c) < 0, both terms on the right hand side are negative. Thus ip' satisfies all of the 
conditions of Theorem 7.1. □ 



8 Applications of the Stability and Instability Theorems 

In this section we apply the stability and instability conditions in Theorems 6.1, 7.1 and 7.2 to 
determine conditions on p, /3, c and 7 that imply stability or instability. We first apply Theorem 7.1 
with ip' = If + 2xip' . 

Lemma 8.1 Let c < and G $^(/3,c, 7). Define 

i;{x) = / ip{y) + 2yif'{y)dy. 

J —00 

Then ijj satisfies the assumptions of Theorem 7.1 and 

{S"{^W,i:') = (^^^fc^if(^) + 127 / (5.'V)'dx. 

P + 1 Jul 

Proof. The first part of the lemma is clear by using the fact ((^, ijj') = and Theorems 2.2 and 2.4. 
Now we estimate the quantity {S"{ip)ip', ip'). First by (2.1), we note that S" = ji.M'dx-ld^'^-c- f {ip). 
Next, using (3.1), we see that 

{S"{ip),^)^{\-p)K{^). (8.1) 



19 



Next using again (3.1) an the facts F' = f and pfif) = f'{(p)Lp, it yields that 

Jr 1 + P 

Finally we show that {S"{xif'),XLp') — 87 Jg^{d~^(p)'^dx. 
First we observe from (2.1) and (3.1) that 

S"{xip') = pM'ixifi')^ - jd^^ixip') - cxifi' - xip'f{ip) 

= /3^^^' + X {(3Jf^' - - V + /(^)), + 27a- V 
= pj^fcp' + 279^ V = 37a- V + cip~ fiifi); 

and by using (3.1) again, we obtain 

(^"(V),V)- / {3ld^'^ + c^-f{^))x^'dx 



I [ (9(9- V)' - c^') dx ~ -^K{^) = 37 / (a-V)'dx. 



Therefore we deduce from (8.1), (8. 2) and (8.3) that 



= (1 - p)if(^) + fcil/^(^) + 127 / {d-\?dx 
- ^'-'f-'^ Ki^) + 127 / (a- V)M.. 



(8.3) 



□ 



Theorem 8.1 Let /3 > 0, 7 > 0, c < = 3(/327/4)i/3 and ip G ^(/3,c,7). T/ien t/ie orbit is 
^-unstable if one the following cases occurs: 

(i) c < 0, p > 3 and 7 is sufficiently small, 

(ii) p> h and c < (|Ef^ c* 

Proof. By Theorem 7.1 and Lemma 8.1, we only need to check condition (7.1) for ■0 defined in 
Lemma 8.1. 

First we note that lim^_j.o 7 jT^i^x^vYdx = 0. Indeed, we already know from (3.1) that 

7 / (a-V)'da;= / c^^-p{Dl'^^fdx + {m{P,c,^)Y^^. 

Applying Theorem 5.1, it transpires that 

lim 7 / (9-V)'dx= / c02-/?(7^i/2^)2da;+(TO(/3,c,O))^ =-/(0;/3,c,O) + (m(/3,c,7))^ =0, 
Jr Jr 

where is a ground state of (1.3) with c < 0. Applying Theorem 5.1 once more we see that 

hm^ fciK^X(^) + 127 / (a-V)^d. = fcll(^m(^,c,0)f^ < 
7^0+ p + 1 Jjj, p+1 
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since p > 3. Therefore by Lemma 8.1 one has {S" {(p)ijj' ,ip') < for 7 > sufRciently small. This 
which proves (i). 

Attention is now given to the proof of (ii). Suppose p > 5. By Lemma 8.1 and equation (3.1) we 
have 



This is clearly negative when c < 0. Now for c > 0, a straightforward calculation reveals that 

/ (fi'^dx < — - — I{ip) 

Js. Ci, — c 

and thus 

The term on the right hand side is negative when c < (^irr) c*. This completes the proof. □ 

Remark 8.1 Notice that as p ^ 00, (j^^ — >■ c*, so the region of instability approaches the entire 
domain of existence. 

We now investigate what conclusions may be drawn from Theorems 6.1 and 7.2, which state that 
stability is determined by the sign of d"{c). Although no explicit formula for d is available, it is 
possible to determine the behavior of d"{c) for small 7 > 0. The following scaling property is the main 
ingredient in this analysis. 

Lemma 8.2 Let /? > 0, 7 > and c < c^. For any r > and s > we have 

1 o p + 1 —2 

d{rl3, rcs~ , rs~ 7) — rp-^ sp-i c, 7). 
Proof. The lemma follows from (6.2) once we show that 

m{rf3, rcs~^ , rs^'^^) — rsp+^ m{f3, c, 7). 
Let u G ^ with K{u) > 0. For any r > we have 

I{u; rl3, rc, r-y) = rl{u; P, c, 7), 
so m{r/3,rc,rj) = rm{/3,c,y). Next let v{x) = u{sx) for s > 0. Then 

I{v; /?, c, 7) = I{u; 13, cs-\ 5-^7) K{v) = ^K{u) 

s 



so 



I{v;l3,c,'y) 2l{u;/3,cs \s ^7) 
~ — ^ ^ 31 



and consequently 



m(l3,cs '^7) = sp+i m(/3, c, 7) 
Setting r — 2/(3 and s'^ — 2j//3 gives 



□ 



d\'^M^\" A = {^4] i-X'^ d{P,c, 7) (8.4) 
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Hence for any constant k, the values of d along the surface — k^(P are determined by the value of 
d at any single point on that surface. Next, setting r = 1 and s = — c/3 gives 

d(/3,-3,7(-3/c)3) = (-c/3)i^ d(/?,c,7). (8.5) 

or equivalently 



d(/3, c, 7) = (-c/3) ^ d(/3, -3, 7(-3/c)3). 
Next we set q = and assume that d is twice differentiable. Then differentiating with respect to c 



2 

p 

gives 

1 



4(/3,c,7) - ( --g(-c/3)«-id + 7(-c/3)«-*d^ 



(;3,-3,-277/c3) 



and 

4c(/3, c, 7) = ^9(9 - 1) (-c/3)''-' d - ^7(2q - 4) (-c/3)''-' d, + 7^ (-c/3)«-« d. 



(^,-3,-277/c3) 

(8.6) 



Theorem 8.2 Assume d is twice differentiable on the domain c< c^. 

(i) Fix l<p<3, /3>0 and c < 0. Then there exist "fk — > 0+ such that dcdfi, c, 7^) > 0. 

(ii) Fix p > 3, /? > and c < 0. Then there exist 7^ — >■ 0+ sitc/i i/iat dcd/i, c, 7^) < 0. 
Proof. First observe that 

^hm ^,(,-1) (-c/3)'-'d(/3,-3,-277/c-^) = (-c/3)(^-'^)/(^-^) 2|tI)™^^' 

This is positive when 1 < p < 3 and negative when p > 3. As shown in the proof of Theorem 8.1, the 
term 

7d^ = 7 / (a-V)'da; 



vanishes as 7 approaches zero. It therefore remains to show that the term j'^d^^ vanishes as well. To 
do so, define 

7^(i-, 7 > 

7 = 



Then since jdj — >■ as 7 — > 0^, 5 defines a continuous function for 7 > 0. Furthermore by the 
assumption that d is differentiable, it follows that g is differentiable for 7 > 0. By the Mean Value 
Theorem, for each integer k there exists 7^ e (0, 1/fc) such that g{l/k) — g{0) ~ j:5'(7/c), and thus 



9'hk) = ( r ) = 7:'^7 ( r ) ^ 



^k) ^ k'^^ [k 
as fc — ^ 00. Now 

g'{lk) = 27fcd^(7fc) +7fcd^7(7fc), 

so we have 

lim 7fcd^T.(7fe) = lim g'{^k) - '^Ikd^ilk) = 0. 



□ 



We next consider the behavior of d for c near c» = 3(/3^7/4)-'^/'^. Using appropriately chosen trial 
functions, we obtain upper bounds on d as c approaches c.^, for the nonlinearities f{u) = \u\'p and 
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f{u) = —\u\P~^u. In both cases, for any p > 2, these bounds imply that d{c) — as c -> c,. In the 
case of the odd nonUnearity f{u) = — \u\p~^u, the bound implies that d is convex (and hence c, 7) 
is stable) for c near c* . 

Our choice of trial function is u = Wx, where 'w{x) = e~°-\^\ sin(te) for appropriately chosen a > 
and b^O. It is clear that u & 3^ , and we have 



Since 



w(0 = 



we have 

This integral may be evaluated explicitly using Maple to obtain 

I{u) = ^f^^J^ (^2/3arctan (a^ + 6^)^ + 77(76^ - cb^ - ca^b^) + p{2b^a - 2a^b))^ . (8.7) 

For c < c* , the cubic I3r^ — cr^ + 7 has one real root and two complex roots. Let b±ai denote the 
complex roots. Then by the cubic formula, we have 

and 
where 

D = (8c^ - 1087^^ + 12^1/37(277^2 _ 4c3))V3. 
As c ^ c* = 3(/327/4)^/3, we have D -2c* and thus 

lim a = 

2c* 



Moreover, 



lim 6 — 



r)3 I Q„3 

^ + = Z?2_ 2.1/3 + 4c2 = - + 12/3v/l27(cf-c3) = OiV^c), 

V3(D^ - 4c2) _ 73(13 - 2c^(D^ + Sci") 



and 



12/313 12/3D{D^ - 2cD + 4c2) 

0(^/E;^^) 



2c* _ c- c* _ + 4c2 + 4c* D 
3^ ~ 3^ 12/3D 

= ^-g* _ 4(c^ - c;^) + {D + 2c,f 

3/3 12I3D 
= 0(c-c*) 



as c — >■ c* . 
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Lemma 8.3 Suppose that d{c) is dijferentiable for c < c*. Then for c < c^, it holds that 



c 



p+i 



die) > d{0) 1 . (8.8) 



Proof. By (5.3), (6.2) and Lemma 6.1, it follows that 



d(c) = ------I{ip) > (c, -e) (p dx^ — (c* - c)d'{e). 

2{p + l) 2{p+l) 7k p+l 



Hence, we obtain that 



d'ie) ^ p+l 



d{c) (p-l)(c-c*)' 

and therefore (8.8) follows. □ 
Lemma 8.4 For u, a and b as chosen above, we have 

i{u) ^ 0(7^7=^) 

as c — > c* . 

Proof. Since a — 0{^\/ct, — c) and b = 0(1) as c — >■ c*, it suffices to show that the term in parentheses 
in expression (8.7) is 0(c* — c). Using the expansion 

arctan (-) = a; + 0{x^) 



which holds for small a; > 0, we have 



2/3 arctan j = /Stt - 2/3^ + 0((? jb^) 

and thus 

2/3 arctan (a^ + b^f = /37r6^ - 2;3a6^ + 0{a^). 

Combining this with the other two terms in equation (8.7) we are left with 

7r63(^63 _ ^^2 ^ _^ 0(^2-) ^ 7r63(/363 - cb^ + 7) + 0(c, - c) 

Finally, since 6 = ^ + 0(c* — c), it follows that 



3/3 

V 3/3 y ^ ^ 3/3 



/363_c52 + T, = /3('^y-c('^) +7 + 0(c.-c) 



(c* - c) V + 0(c. - c) 



3/3 



= 0(c, -c). 



□ 



This bound on /(u), together with a lower bound on K{u), leads to an upper bound on m{/3,c,j). 
The lower bound on K(u) depends on the nonlinear term f{u). For even nonlinearities we have the 
following bound. 
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Lemma 8.5 Suppose f{u) = ±|u|p. Fix /3 > and 7 > 0. Then 

d{c) = 0(7^7^) 

as c approaches . 

Proof. It suffices to prove tliat K{u) > C^c^, — c for some constant C independent of c. For tlien 

miP, c, 7) < < ^ = 0(c* - c) ^(r'+i) 

i4r(u)p+i (c* - c)p+i 

and it follows from (6.2) that 

d{c) = 2(p^\) ™(/^'^'7)^ = 0(c* -c)5. 
To obtain the lower bound on K{u), first write 

K{u)^ f \u\Pudx^2 f e-'''^P+^^''\bcos{bx) - asm{bx)\P{bcos{bx) ~ asm{bx))dx. 
Jr Jq 

Rewriting 6cos(6a;) — asin(6.x) = \/a'^ + b'^ cos{bx + (p) where (j) = arctan(a/6) this becomes 
2{a^ + b'^)'^ / e-'^(P+i)^|cos(&a; + ^)|Pcos(6x + (/.)da;, 







and after the change of variable y = bx + (p this becomes 

2ga(p+l)(/)/6 



(a2 + 62)V / e-"(f+i)^/''|cos(?/)|f cos(y)d2/. 



As c approaches c* the term outside the integral approaches 2(7//?)''/* > 0, so we will henceforth 
ignore this term. We now break up the integral as 

I'D °° /•(fe+l)7r 

/ e-°(f+i)«/Vos(2/)rcos(y)dy + ^ / e^'^(f+^'^/''| cos(y)r cos(2/) dy. 

The first term is negative, but bounded below by 

—(f) — — arctan(a/6) > —a/b. 
In each term of the summation we make the change of variable z — y — kn to obtain 

J2 / e-''(f+i)(^+'^''^)/''|cos(z)|f(-l)'=cos(z)dz 
which, after summing the geometric series, can be rewritten as 

1 /■ -<^iP+^)-/b\cos{z)\PcOs{z)dz. 



I _(_ g-a(p+l)7r/6 

The remaining integral we rewrite as 



7r/2 p7T 

e-<p+^)-/b\cos{z)\Pcos{z)dz+ / c-"(f+i)^/^| cos(z)|p cos(z) dz 

Jtt/2 
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and make the change of variable y = 'k — z in the second integral to obtain 

/■7r/2 ^0 

/ e-"(P+i'^/''|cos(z)rcos(z)dz+ / e-°(f+i)('^-^)/''|cos(2/)rcos(y)dy. 

Jo J-n/2 

Combining these, we have 

/ ^Q-a{p+l)z/b _ g-a(p+l)(x-^)/6^ COS(0)P+^ dz. 

Jo 

Since 

Q-a(p+l)z/b _ g-a(p+l)(7r-2)/6 p + 1 

lim = — , — • (tt — 2z) 

a^o a 

uniformly in x in [0, 7r/2] the integral approaches 

f.lT/2 



a r' 

- I (p + l)(7r-2^;)|cos(2;)|Pcos(^)d2; 
Jo 



as c — >■ c* . Since 

f7r/2 i-Tz/2 



/ {p+l){'K-2z)cos{zY+'^dz = 2{p+l) I xsm{xY+'^dx 
Jo Jo 

.7r/2 

>2{p+l) / x{2x/Tr)P+^dx 
Jo 

^ jp + l)7r^ 
2{p + 3) 

>T 

for all p > 1, it follows that as c ^ c* we have 



■ /" e-^^f+i)^/*"! cos(^)r cos(z) dz > ^ • ^TT^ • 
Jo 2 4 



and therefore 

^"e-«(^'+i)^/''|cos(t/)|f cos(2/)d2/ > ^ (^'r' - 2) ^, 

which implies that 

/i'(M) > 0{a) = 0{y/^^^) 
as desired. □ 



While the bound in the previous lemma shows that — > as c — > c*. \infort\inatcly it does not 
provide any information about the sign of d"{c). For the odd nonlinearity f{u) = —\u\p~^u, however, 
the integrand of the functional K is nonnegative, and we have the following stronger bound. 

Lemma 8.6 Suppose f{u) — —\u\p^^u. Fix /3 > and 7 > 0. Then 

d{c) = 0(c, -c)^^ 

as c approaches c, . 
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Proof. It sufBccs to prove that K{u) > C{c^ — c) for some constant C independent of c. For 
then 

m(/3, c, 7) < < = 0(c* - c) 

ii:(u)p+i (c* - c) p+i 

and the lemma follows from (6.2). Now, using the calculations from the previous lemma, we have 

K{u)= / \u\P+^dx= (a2 + 62)^ / e-<P+^)v/b\cos{y)\P+^dy 

Js. o 

9„a(p+l)0/6 foo 

> (a^ + ^2)^ / e-iP+i)y/b\ cos{y)\P+' dy. 

Writing the integral as 



7r/2 



V/ e-^P+'^y/'lcosiyW+Uy, 



and making the change of variable z = y — kir, this becomes 

CTr/2 a{p+l)iT/b fiT/2 



y a(p+l).k/b / g-a(p+l)./fc cos(0)^'+l dz = -^-TwT / e'^ff +1)^/" C0s(z)f +1 dz. 



For small a this is approximately 

b 



tt/2 

cos(z)P+i dz > = 0(c, - c)-i/^ 



a(p+ l)7r y_^/2 

□ 



Theorem 8.3 Suppose f{u) = —\u\p where 1 < p < 5. Fix /3 > and 7 > 0. T/ieTT. t/iere exist c 
arbitrarily close to for which ^^(/3,c, 7) is ^-stable. 

p + 3 

Proof. For 1 < p < 5 the function (c* — c) ^(p-i) is convex and vanishes at c = c*. Since d is positive 
and is bounded above by a multiple of this convex function, its second derivative must be positive at 
points c arbitrarily close to . □ 



9 Numerical Studies 

In this section we present numerical results which illustrate the behavior of the solitary waves as 
the parameters c and 7 are varied, and provide insight into the nature of the function d{c) whose 
concavity determines the stability of the solitary waves. To obtain the numerical approximations we 
use a spectral method due to Petviashvili. First observe that the solitary wave equation (2.1) may be 
written 

P-^-fxxx - Ctpxx + f{V')xx = If- 

Writing ip^x = 'P this becomes 

-f3J^ + ci;^x + 7V' = /(v) 
so taking the Fourier transform yields 
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Thus a natural iterative scheme is the following: 



7 _ f{V>n) 

Unfortunately, the algorithm has poor convergence properties. However, the algorithm 



p\^\^-ce+i 



fn+l 



with stabilizing factor M„ defined by 



has much better convergence properties. It was shown in [29] that this algorithm converges for 1 < 
a < (p + — 1) and the rate of converges is fastest when a = a* — p/{p — 1). This algorithm was 
implemented in MATLAB using a large spatial domain to compute the solitary waves for a range of 
parameter values (/3, c, 7). Figures 1 and 2 show several numerically computed solitary waves for the 
nonlinearity f{u) = u^. Figure 1 illustrates the oscillatory tails that develop as c approaches c*, while 
Figure 2 illustrates the convergence to the exact solitary wave solution of the Benjamin-Ono equation 
as 7 approaches zero. 

Once a solitary wave ip G '^{j3,c,^) is computed, the values of (i(/3, c, 7), dc{l3,c,j) and d^{l3,c,j) 
are found by using relation (6.2) and Lemma 6.1. The domain of d{/3,c,"f) is the region {(/3,c, 7) : 
/3 > 0,7 > 0,c'^ < 27/3^7/4}, shown in Figure 3. By the scaling relation (8.4), it suffices to compute 
d{f3, c, 7) at a single point (/3, c, 7) on each surface of the form = for k < 27. The segments 

5*1 = {/3 = 2,7 = 1, — 3 < c < 3} and S'2 = {/3 = 2, c = —3, < 7 < 1} cross all of these surfaces. 
Along the segment Si, dec is computed numerically using the computed values of dc, while along S2, 
relation (8.6) is used to compute dec in terms of the numerically values of d, d^ and d^^. 




Figure 3: For /? = 2, the domain of d is {(0,7) : 7 > 0,c'^ < 277}. The numerical computations were 
performed along the segments {—3 < c < 3, 7 = 1} and {c = —3, < 7 < 1}. Every curve of the form 
= ^7 within the domain of d passes through one of these segments. 

These computations were performed for two families of nonlinearities, even nonlinearities of the 
form f{u) — \u\P and odd nonlinearities of the form f{u) — —\u\p~^u. The results for the even 
nonlinearity f{u) — \u\p are shown in Figures 4 and 5 and summarized in Table 1. For p = 2 and 
p — 2.2 we have dec > for all c < c*. However, when p = 2.4 there is a small interval of speeds for 
which dec < 0. As p increases this interval grows, and when p = 4 we have dec < for all c < c*. The 
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behavior for small 7 > agrees with the results of Theorems 8.1 and 8.2 in that when p < 3 we have 
dec > for small 7 and when p > 3 we have dec < for small 7. We note that in the case p = 3, to 
which these theorems do not apply, we have dec > for small 7. The behavior for c near is rather 
interesting. It appears that, for p < 3, dec — >■ +00 as c — ^ c*, while for p > 3, dec — > —00 as c — > c*. 
When p = 3, dec appears to approach some finite negative value. 



Table 1: Sign of 4c for /(u) = \u\p. 



p 


Regions where dec > 0. 


2 


c < c* 


2.2 


c < 


2.4 


c < 0.980c* and c > 0.991c* 


2.6 


c < 0.976c* and c > 0.994c* 


2.8 


c < 0.972c* and c > 0.996c* 


3 


c < 0.968c* 


3.2 


-1.287c* < c < 0.962c* 


3.4 


-0.023c* < c < 0.954c* 


3.6 


0.465c* < c < 0.942c* 


3.8 


0.738c* < c < 0.915c* 


4 


empty 



The results for the odd nonlinearity f{u) = — are shown in Figures 6 and 7 and summarized 

in Table 2. When p < 3 we have dec > for all c < c*. On the other hand, when p > 5 we have 
dec < for all c < c*. When 3 < p < 5 it appears that there exists some speed Cp such that dee < for 
c < Cp and dec > for Cp < c < c* . Once again, the behavior for small 7 > agrees with the results of 
Theorems 8.1 and 8.2. The behavior for c near c* is similar to that of the even nonlinearity, only the 
critical exponent appears to be p = 5 in this case, in agreement with Theorem 8.3. 

Table 2: Sign of 4c for f{u) = -\u\p-^u. 



p 


Regions where dec > 0. 


2 


c < c* 


2.2 


c < c* 


2.4 


c < c* 


2.6 


c < c* 


2.8 


c < c* 


3 


c < c* 


3.2 


-1.262c* < c < c* 


3.4 


0.033c* < c < c* 


3.6 


0.589c* < c < c* 


3.8 


0.918c* < c < c* 


4 


0.944c* < c < c* 


4.2 


0.959c* < c < c* 


4.4 


0.970c* < c < c* 


4.6 


0.978c* < c < c* 


4.8 


0.987c* < c < c* 


5 


empty 
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Figure 4: Plots of dec for f{u) = \u\p with /3 = 2, 7 = 1, -3 < c < 3 and p = 
second plot is a blowup of the first, illustrating the behavior for c near c* = 3 
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2, 2.2, 2.4,..., 4. The 




Figure 5: Plots of dec for f{u) = \u\p with ^ = 2, c = -3, < 7 < 1 and p = 2, 2.2, 2.4, . . . , 4. The 
second plot is a blowup of the first, and better illustrates the plots for 3 < p < 4. 
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